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Abstract
In this paper, we propose an approach to derive three dimensional geometries from the dual CFT2 entangle-
ment entropies. We only employ the holographic principle and do not use any assumption about the AdS/CFT
correspondence and bulk geometry. Our strategy is to use both UV and IR-like CFT2 entanglement entropies
to fix the bulk geodesics. By a simple trick, then the metric can be extracted from the geodesics. As examples,
we derive the pure AdS3 metric from the entanglement entropies of free CFT2, and more importantly the BTZ
black hole from the entanglement entropies of finite temperature CFT2. Consequently, CFT2 with finite size or
topological defects can be worked out by simple transformations. Following the same steps, in principle, it is
possible to derive all three dimensional (topologically distinct) holographic classical geometries from the dual
CFT2 entanglement entropies.
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1 Introduction
As a manifestation of the non-local property of quantum mechanics, quantum entanglement attracts considerable
attention in recent years. The entanglement entropy (EE) measures the correlation between subsystems and
is one of the most distinct features of quantum systems. Considering the simplest configuration, a quantum
system is divided into two subsystems: A and B. The total Hilbert space is accordingly decomposed into
H = HA ⊗ HB . Tracing out the degrees of freedom of the region B, one obtains the reduced density matrix
of the region A: ρA = TrHBρ. The entanglement entropy of the region A is evaluated by the von Neumann
entropy SA = −TrHA (ρA log ρA). It is clear that SA = SB .
Motivated by the AdS/CFT correspondence [1], and the Bekenstein-Hawking entropy of black holes, Ryu
and Takayanagi (RT) proposed to identify the minimal surface area ending on the d dimensional boundary of
AdSd+1 with the entanglement entropy of the CFTd living on the boundary of AdSd+1 [2, 3, 4]. In the case
of d = 2, the minimal surfaces are geodesics and the RT formula was verified extensively. For follow-ups and
references, one refers to a recent review [5]. The success of the RT formula leads to an inspiring conjecture
that gravity could be interpreted as emergent structures, determined by the quantum entanglement of the
dual CFT [6, 7]. This idea was further developed by Maldacena and Susskind to conjecture an equivalence of
Einstein-Rosen bridge (ER) and Einstein-Podolsky-Rosen (EPR) experiment [8], namely ER=EPR. To justify
these conjectures, one question has to answered: Can the dual bulk geometry, specifically the metric, be rebuilt
from given CFT entanglement entropies?
Although, everyone believes that the dual geometries must be asymptotic AdS, there is still no perfect
method to derive the dual geometries from entanglement entropies of CFTs. One might think it is trivial to
derive the dual geometry from a CFTd, since they are supposed to possess the same SO(2, d) symmetry. This
is not true since all CFTs share the same symmetry and so do the dual geometries. The symmetry argument
is a necessary but not a sufficient condition to determine the dual geometry of a CFT. But what matters much
more is precisely the sufficient condition, i.e. deriving the dual geometries from CFTs. The bottom line is that
2
the simple symmetry argument cannot carry on beyond the vacuum configuration. Therefore, it is necessary
to find some other systematic method applicable to all excited states. Of course, since we hope to derive
the dual geometries, one can NOT assume the geometries satisfying any dynamic equation, say, the Einstein
equation. The dynamic equation should also be derived from the CFT information. In literature, there are
several attempts, but none of them can really rebuild the dual geometries unambiguously. The tensor network
is only able to construct the discrete AdS [9]. Another major method resorts to integral geometry. The concept
of kinematic space is introduced and it is argued that the kinematic space of AdS3 is dS2, which can be read
off from the Crofton form defined as the second derivatives with respect to two different points of the given
entanglement entropy of CFT2 [10]. But it was not proved that AdS3 is the only choice to have dS2 as the
kinematic space. Moreover, this method can only apply to the static scenario naturally.
It is not hard to foresee our journey to discover geometry reconstruction would be blocked by two difficulties:
• It is a standard homework to calculate the minimal surface from the metric. Now that the CFT entan-
glement entropy is identified with the minimal surface, in order to get the geometry, one needs to extract
the metric from the minimal surfaces, which looks forbidden.
• It is usually not hard to reduce a higher dimensional theory to a lower dimensional one after setting
some limits or boundary conditions to eliminate extra degrees of freedom. However, since the CFTd
entanglement entropy is identified with the minimal surface attached on the boundary of the dual d + 1
dimensional geometry, in order to reconstruct the d+ 1 dimensional bulk geometry, we have to find some
way to uniquely fix the extra degrees of freedom, namely the bulk geodesic when d = 2.
In a previous work [11], we proposed an approach to solve these two difficulties for d = 2. It turns out there
is a simple way to extract the metric from given geodesics, the minimal surfaces for d = 2. Considering a
single geodesic x = x (τ) , τ ∈ [0, t] which connects points x and x′ on a manifold M , such that x (0) = x and
x (t) = x′. L(x, x′) is the length of the geodesic. Then the metric proves to be
gij = − lim
x→x′
∂xi∂xj′
[
1
2
L2 (x, x′)
]
. (1.1)
For more details, one refers to a comprehensive review [12]. As an illustration, noting that along a geodesic, the
norm of the tangent vector gijX˙iX˙j is constant. So for very small distance t→ 0, we have
1
2
L2(x, x′) =
1
2
[∫ t
0
dτ
√
gijX˙iX˙j
]2
≈ 1
2
lim
t→0
gij
∆xi
t
∆xj
t
t2 ≈ 1
2
gij∆x
i∆xj . (1.2)
Since the quantity σ (x, x′) ≡ 12L2 (x, x′) plays a central role to address the radiation back reaction of particles
moving in a curved spacetime, it has a specific name: Synge’s world function.
Therefore, what is left is to generalize the geodesics located on the boundary to generic geodesics in the bulk.
In order to fix the expression of bulk geodesics, we find that in addition to the usually used UV entanglement
entropy, the IR-like entanglement entropy of the CFT is a must.
In the paper [11], we only addressed the vacuum configuration, i.e. the free CFT2 with zero temperature and
infinite length. We showed explicitly the dual geometry must be AdS3, as expected. The purpose of this paper is
to demonstrate that this approach also works for excited states, specifically, the CFT2 with finite temperature,
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whose dual geometry is supposed to be the BTZ black hole. It is well known that 3D gravity is topological as
a consequence of the general relativity. Out of general geometries, the Einstein equation selects those having
no local degrees of freedom to describe gravity. However, since we hope to derive the dual geometry, we can
not use any results from the general relativity. So, the local agreement of the dual geometries is supposed
to be unknown, and should be revealed by the derived metrics from the entanglement entropies. Since the
entanglement entropy is a non-local quantity, it is easy to understand that one can not directly transform the
entanglement entropy of free CFT to that of the finite temperature CFT, for they having different topologies. In
contrast, once we derived the BTZ black hole from the finite temperature CFT, one can easily extend the result
to the finite size CFT under transformation β = −iL or CFT with topological defects under transformation
β = −iL/γcon, since they have the same topology, a cylinder. More importantly, the BTZ derivation indicates
that, with our approach, it is possible to derive all 3D classical (topologically distinct) geometries from the
entanglement entropies of the dual CFT2.
The reminder of this paper is outlined as follows. In section 2, we briefly review some useful results of CFT
entanglement entropies, which help us to determine the geodesic length in the bulk geometry. In section 3, we
summarize how to get the asymptotic AdS3 from the entanglement entropies of a pure CFT2. We show how
to derive the BTZ spacetime from the entanglement entropies of the finite temperature CFT in section 4. In
section 5, we present some inspirations and conjectures.
2 Some useful results of CFT entanglement entropy
In this section, based on refs. [13, 14], we briefly summarize some results of CFT2 entanglement entropies that
we are going to use in the rest of the paper. For a quantum system consisting of two parts A and B, the
entanglement entropy (EE) for the subsystem A is defined by the Von Neumann entropy:
SEE = −TrHA (ρA log ρA) , (2.3)
where the reduced density matrix ρA = TrHBρ and ρ = |Ψ〉 〈Ψ|. Usually in QFT, it is difficult to calculate the
Von Neumann entropy directly. Alternatively, one uses the “replica trick” to calculate TrρnA, then
SEE = − lim
n→1
∂
∂n
log TrρnA. (2.4)
Considering an 1+1 dimensional Euclidean QFT with a local field φ (tE , x), it turns out
TrρnA =
1
(Z1)
n
∫
(tE ,x)∈Rn
Dφe−SE(φ) ≡ Zn (A)
(Z1)
n , (2.5)
where Zn (A) is the partition function on an n-sheeted Riemann surface Rn, Z1 is the vacuum partition function
on R2. The partition function is given by the two-point function of twist operators T and T˜ . For an infinitely
long system, when fixing tE = it = 0,
Zn (A) =
〈
Tn (u, 0) T˜n (v, 0)
〉
C
=
1
|u− v|2∆
, (2.6)
where 4 = c12
(
n− 1n
)
is the scaling dimension and c is the central charge. So, the entanglement entropy is:
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SEE = − lim
n→1
∂
∂n
log TrρnA =
c
3
log
4x
a
+ c′1, (2.7)
where c′n ≡ log cn/ (1− n) and a is an energy cut-off which ensures the factor inside the log dimensionless.
∆x = x′ − x is the size of the entangling region A.
We can easily develop this result to other geometric background by utilizing conformal transformations
z′ → z = z (z′) on two-point functions:
〈
Tn (z′1, z¯′1) T˜n (z′2, z¯′2)
〉
=
(
∂z1
∂z′1
∂z2
∂z′2
)4(
∂z¯1
∂z¯′1
∂z¯2
∂z¯′2
)4 〈
Tn (z1, z¯1) T˜n (z2, z¯2)
〉
. (2.8)
For example, to calculate the entanglement entropy of a CFT2 at finite temperature 2piβ−1, one maps the
infinitely long cylinder z′ to the plane z (z′) by the following transformation:
z′ → z (z′) = e 2piz
′
β . (2.9)
The two-point function of the finite temperature CFT2 is
〈
Tn (u′, 0) T˜n (v′, 0)
〉
C
=
(
∂
∂u′
e
2piu′
β
)4(
∂
∂v′
e
2piv′
β
)4 〈
Tn (u, 0) T˜n (v, 0)
〉
C
=
∣∣∣∣βpi sinh pi4xβ
∣∣∣∣− c6 (n− 1n ) . (2.10)
Therefore, the entanglement entropy is given by
SEE =
c
3
log
(
β
pia
sinh
pi4x
β
)
+ c′1. (2.11)
It should be stressed that though the two-point function of the finite temperature CFT2 can be obtained from
that of the free CFT2 by a conformal map, there is no coordinate transformation to connect their entanglement
entropies. The reason is that entanglement entropy is a global quantity associated with the topology, while these
two systems clearly have different topologies. In contrast, since a finite size system has the same topology as a
finite temperature system, the entanglement entropy for a finite size system is obtained by replacing β → LS
and imposing the periodic boundary condition,
SEE =
c
3
log
(
LS
pia
sin
(
pi4x
LS
))
+ c′1, (2.12)
where LS is the circumference of the given system.
It turns out that, when deriving the BTZ geometry, we also need the entanglement entropy of boundary
conformal field theory (BCFT). BCFT is a CFT whose boundary satisfies conformally invariant boundary
conditions. Considering an one dimensional semi-infinite long system x ∈ [0,∞). The boundary obviously
locates at x = 0. The n-sheeted Riemann surface Rn now consists of n copies in the region of x ≥ 0. The
transformation from complex coordinates on Rn to C is w → z (w) = ((w − il) / (w + il))1/n. The partition
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function Zn (A) on the n-sheeted Riemann surface Rn becomes the one-point function of twist operator T . For
any primary operator O, the one-point function is
〈O (z)〉 = 1
(2Im z)
4 . (2.13)
The scaling dimension of T still equals 4 = c12
(
n− 1n
)
. So, we have
〈T (il)〉 = 1
(2l)
c
12 (n− 1n )
. (2.14)
It is then straightforward to find
SEE = − lim
n→1
∂
∂n
log TrρnA =
c
6
log
24x
a
+ c˜′1.
Applying the transformations (2.9) onto the one-point function (2.14), we get
〈T (il′)〉 =
∣∣∣∣βpi sinh 2pi4xβ
∣∣∣∣− c12 (n− 1n ) . (2.15)
Therefore, the entanglement entropy of BCFT at finite temperature is
SEE =
c
6
log
(
β
pia
sinh
2pi4x
β
)
+ c˜′1. (2.16)
Note the ∆x here is the entanglement length of BCFT, which is one half of the entanglement length of the
corresponding CFT.
In most of the cases, when one mentions the entanglement entropy, he/she really refers to the UV entangle-
ment entropy, which is precisely what we have discussed thus far. However, when a free CFT is perturbed by
a relevant operator, the correlation length ξ (IR cut-off) takes a finite value. In the IR region ∆x ξ, the UV
entanglement entropy (2.7) is no longer valid and there exists an IR entanglement entropy. The simplest way
to calculate the IR entanglement entropy is to consider the action
S =
∫
d2x
(
1
2
(∂µϕ)
2
+
1
2
m2ϕ2
)
, (2.17)
where m → 0. The partition function Zn (A) on n-sheeted Riemann surface Rn, can be calculated with the
identity [14]
∂
∂m2
logZn (A) = −1
2
∫
d2xGn (x,x) , (2.18)
where Gn (x,x) is the two-point function on Rn, satisfying the equation of motion:
(−∇2 +m2)Gn (x,x′) =
δ2 (x− x′). It is easy to find
∂
∂m2
log
Zn (A)
(Z1)
n =
1
24m2
(
n− 1
n
)
. (2.19)
Integrating m2 on both sides, we get
6
log
Zn (A)
(Z1)
n =
log a2m2
24
(
n− 1
n
)
→ Zn (A)
(Z1)
n = (ma)
1
12 (n− 1n ) . (2.20)
Therefore, the IR entanglement entropy is
SIREE = − lim
n→1
∂
∂n
log
Zn (A)
(Z1)
n
= − lim
n→1
∂
∂n
[
(ma)
1
12 (n− 1n )
]
=
1
6
log
ξ
a
, (2.21)
where c = 1 for one field ϕ and we introduced the IR cut-off ξ = m−1.
The time dependent entanglement entropies can be calculated by completely the same procedure. At each
step, one simply includes the time-like variable to get
infinite system : SEE (t) =
c
3
log
√
(4x)2 − (4t)2
a
, (2.22)
finite temperature : SEE (t) =
c
3
log
(
β
2pia
[√
2 cosh
(
2pi4x
β
)
− 2 cosh
(
2pi4t
β
)])
, (2.23)
which are well-defined when two-points are space-like separated.
3 Asymptotic AdS3 from entanglement
For the sake of completeness and convenience, we summarize how to derive the asymptotic AdS3 from free
CFT2 entanglement entropies. For more details, one refers to our previous work [11]. We consider the static
scenario first. The entanglement entropy of an infinite size CFT2 at zero temperature is given by eqn. (2.7).
This entanglement entropy is identified with the length of the geodesic attached on the boundary of the dual
geometry.
Lboundary = 4G
(3)
N SEE = R log
(x− x′)2
a2
, R =
2G
(3)
N c
3
, (3.24)
where we neglect the irrelevant constant c′1. The subscript of Lboundary indicates the geodesic ends on the
boundary of the dual geometry. From holographic principle [15, 16, 17], energy cut-off generates an extra
dimension, so we have a→ y. With two coordinates x and y, The most general extension of (3.24) is
Lboundary = R log
[
(x− x′)2 f (x, x′; y, y′) + (y − y′)2
g (x, x′; y, y′)
]
, (3.25)
where f(x, x′; y, y′) and g(x, x′; y, y′) are regular functions, invariant under exchanging two endpoints (x′, y′)↔
(x, y). When the endpoints coincide, the geodesic length must vanish. Therefore, the geodesic length can be
expanded in a power series for nearby endpoints and we have:
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η →∞ : Lboundary = R log
(
η2
)
,
η → 0 : Lbulk = R log
(
1 + C1η
α + C2η
2α + . . .
)
, (3.26)
where we defined
η2 ≡ (x− x
′)2 f (x, x′, y, y′) + (y − y′)2
g (x, x′, y, y′)
. (3.27)
The subscript of Lbulk indicates the geodesic is a generic one in the dual geometry. All geodesic lengths read from
the entanglement entropies are Lboundary and satisfy η →∞. What we want to do is to determine f(x, x′; y, y′)
and g(x, x′; y, y′) through Lboundary, and then substitute η into Lbulk to get the bulk geodesic.
Step 1: We first consider the entanglement entropy with IR cut-off given by eqn. (2.21):
SIREE =
c
6
log
ξ
a
, LIRboundary = R log
ξ
a
. (3.28)
Since both a and ξ are varying energy cut-offs, they are simply two points on the coordinate axis y. Looking
at the general expression (3.25), under the condition ξ  a, it is ready to see that this must be the case y = a,
y′ = ξ and 4x = 0, as illustrated by Fig. (1).
Figure 1: The entanglement entropy with IR cut-off gives the geodesic connecting y = a, y′ = ξ and ∆x = 0.
We immediately obtain
Lboundary → R log
[
1
g (x, x; a, ξ)
(a− ξ)2
]
→ LIRboundary = R log
ξ
a
. (3.29)
and thus
g (x, x′; y, y′) = yy′
(
1 +O (x− x′)2
)
. (3.30)
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Step 2: We next come to the entanglement entropy with UV cut-off given by eqn. (2.7):
SUVEE =
c
3
log
4x
a
, LUVboundary = R log
(x− x′)2
a2
. (3.31)
It is easy to see this picture corresponds to y = y′ = a in the general expression (3.25), as illustrated by Fig (2).
Figure 2: The entanglement entropy with UV cut-off supports the geodesic connecting y = y′ = a with arbitrary
∆x.
We get
Lboundary → R log
[
f (x, x′, a, a)
g (x, x′, a, a)
(x− x′)2
]
→ LUVboundary = R log
(x− x′)2
a2
. (3.32)
Therefore, combining eqn. (3.30), the expression of g (x, x′, a, a), we get
f(x, x′; 0, 0) = 1 +O (x− x′)2 , (3.33)
and then
f(x, x′; y, y′) = 1 + µ1
(
y
ξ
+
y′
ξ
)
+ . . . (3.34)
where µi are constants. Finally, we substitute the determined function η back into Lbulk:
Lbulk = R log
1 + C1
 (x− x′)2
(
1 + µ1
(
y
ξ +
y′
ξ
)
+ . . .
)
+ (y − y′)2
yy′
(
1 +O (x− x′)2
)
α/2 + . . .
 . (3.35)
As we emphasized, this expression is valid only for ∆x→ 0, ∆y → 0, precisely the conditions for applying eqn.
(1.1), as follows
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gij = − lim
x→x′
∂xi∂xj′
[
1
2
L2γA (x, x
′)
]
. (3.36)
Moreover, it is remarkable that when using this equation to get the metric, one finds only α = 1 is physical.
We thus obtain
gxx = −1
2
lim
(x′,y′)→(x,y)
∂x∂x′L
2
bulk = C
2
1
(
1 + µ1
(
y
ξ
)
+ . . .
)
R2
y2
,
gyy = −1
2
lim
(x′,y′)→(x,y)
∂y∂y′L
2
bulk = C
2
1
R2
y2
. (3.37)
We can set C1 = 1, R = RAdS . The metric is
ds2 =
R2AdS
y2
[(
1 + µ1
(
y
ξ
)
+ µ2
(
y
ξ
)2
+ . . .
)
dx2 + dy2
]
. (3.38)
Including the time-like direction is straightforward by using equation (2.22). The metric is
ds2 =
R2AdS
y2
[−G (y) dt2 + F (y) dx2 + dy2] , (3.39)
where
G (y) = 1 + ρ1
(
y
ξ
)
+ ρ1
(
y
ξ
)2
+ . . . ,
F (y) = 1 + µ1
(
y
ξ
)
+ µ1
(
y
ξ
)2
+ . . . . (3.40)
It is exactly the asymptotic AdS3 in the Poincare coordinates. When removing the relevant perturbation by
taking the limit ξ →∞, it becomes the pure AdS3
ds2 =
R2AdS
y2
(−dt2 + dx2 + dy2) . (3.41)
4 BTZ spacetime from entanglement
We now consider a finite temperature CFT2. There are obviously two energy scales: UV cut-off a and the
temperature: T−1 = β2pi ≡ βH . We use the notation βH ≡ β2pi for simplicity in the rest of the paper. The
temperature introduces a natural upper bound for the energy generated extra dimension: y ≤ βH .
The time-dependent entanglement entropy of the finite temperature CFT2 was given in section 2, which is
SEE (t) =
c
3
log
(
βH
a
[√
2 cosh
(4x
βH
)
− 2 cosh
(4t
βH
)])
. (4.42)
As βH → ∞ (T → 0), it reduces to the entanglement entropy of the free CFT. The static case is achieved by
taking 4t = 0. The corresponding geodesic ends on the boundary and the length is
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Lboundary
R
= log
(
β2H
a2
[
2 cosh
(4x
βH
)
− 2 cosh
(4t
βH
)])
, (4.43)
Based on the holographic principle, the energy cut-off generates the extra dimension a→ y. In last section, we
have shown the dual geometry of infinite size CFT2 at zero temperature is asymptotic AdS3. For pure AdS3
(ξ →∞), the geodesic length between (x, y, t) and (x′, y′, t′) turns out to be
cosh
(
Lbulk
R
)
=
(4x)2 − (4t)2 + y2 + y′2
2yy′
. (4.44)
In order to match eqn. (4.43) on the boundary and eqn. (4.44) as β → ∞ simultaneously, the most general
expression of the bulk geodesic of the dual geometry for the finite temperature CFT2 can only take the form
cosh
(
Lbulk
R
)
=
β2H
yy′
[
f (x, x′; y, y′; t, t′) cosh
(4x
βH
)
− g (x, x′; y, y′; t, t′) cosh
(4t
βH
)]
. (4.45)
where f (x, x′; y, y′; t, t′) and g (x, x′; y, y′; t, t′) are regular functions to be determined and they must be invariant
under (x′, y′, t′)↔ (x, y, t). The cosh on the LHS of eqn. (4.45) is determined by eqn. (4.44), and the function
form on the RHS of eqn. (4.45) is determined by eqn. (4.43). We do not put the term of cosh
(
4y
βH
)
in
eqn. (4.45) because its existence, if any, can be absorbed in the undetermined functions f (x, x′; y, y′; t, t′) and
g (x, x′; y, y′; t, t′). Similarly, the factor 1yy′ outside the bracket is simply for convenience. Therefore, the aim is
the same as the free CFT situation: we apply various constraints to determine the functions f and g, and then
use Lbulk to get the metric.
Step 1: When βH  y = y′ = a, Lbulk must reduce to Lboundary, given by eqn. (4.43),
Lbulk = R log
(
β2H
yy′
[
f (x, x′; y, y′; t, t′) 2 cosh
(4x
βH
)
− g (x, x′; y, y′; t, t′) 2 cosh
(4t
βH
)])
→ R log
(
β2H
a2
[
2 cosh
(4x
βH
)
− 2 cosh
(4t
βH
)])
. (4.46)
So as βH  y and y′, we have
f (x, x′; y, y′; t, t′) = 1 + µ1 (x, x′; t, t′)
(
y
βH
+
y′
βH
)
+ µ2 (x, x
′; t, t′)
(
y
βH
+
y′
βH
)2
+ . . .
+ρ1 (x, x
′; t, t′)
(
yy′
β2H
)
+ ρ2 (x, x
′; t, t′)
(
yy′
β2H
)2
+ . . . ,
g (x, x′; y, y′; t, t′) = 1 + µ¯1 (x, x′; t, t′)
(
y
βH
+
y′
βH
)
+ µ¯2 (x, x
′; t, t′)
(
y
βH
+
y′
βH
)2
+ . . .
+ρ¯1 (x, x
′; t, t′)
(
yy′
β2H
)
+ ρ¯2 (x, x
′; t, t′)
(
yy′
β2H
)2
+ . . . , (4.47)
where µi, ρi, νi, µ¯i, ρ¯i and ν¯i are regular and bounded functions no matter what the values of 4x and 4t are.
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Step 2: As βH → ∞, or βH  4x, 4t, y and y′, the general expression (4.45) must match the pure AdS3
background (4.44). From step 1, we know the leading term of f and g is the unit. So, we have
cosh
(
Lbulk
R
)
' β
2
H
yy′
[
f (x, x′; y, y′; t, t′)
(
1 +
(4x)2
2β2H
+ . . .
)
− g (x, x′; y, y′; t, t′)
(
1 +
(4t)2
2β2H
+ . . .
)]
=
1
2yy′
[
f (x, x′; y, y′; t, t′) (4x)2 − g (x, x′; y, y′; t, t′) (4t)2
+2β2H (f (x, x
′; y, y′; t, t′)− g (x, x′; y, y′; t, t′)) + . . .]
→ (4x)
2 − (4t)2 + y2 + y′2
2yy′
. (4.48)
On the other hand, when calculating the metric by using eqn. (1.1), it is easy to see that f (x, x′; y, y′; t, t′)
and g (x, x′; y, y′; t, t′) enter gxx and gtt. But we know that for large βH , it must reduce to the asymptotic AdS
in the Poincare coordinates, we thus conclude that f (x, x′; y, y′; t, t′) and g (x, x′; y, y′; t, t′) are independent of
x, x′ and t, t′. Note f and g are dimensionless, we therefore rewrite the general expression of the geodesic length
as
cosh
(
Lbulk
R
)
=
β2H
yy′
[
f
(
y
βH
,
y′
βH
)
cosh
(4x
βH
)
− g
(
y
βH
,
y′
βH
)
cosh
(4t
βH
)]
, (4.49)
with
f
(
y
βH
,
y′
βH
)
= 1 + µ1
(
y
βH
+
y′
βH
)
+ µ2
(
y
βH
+
y′
βH
)2
+ . . .
+ρ1
(
yy′
β2H
)
+ ρ2
(
yy′
β2H
)2
+ . . . ,
g
(
y
βH
,
y′
βH
)
= 1 + µ¯1
(
y
βH
+
y′
βH
)
+ µ¯2
(
y
βH
+
y′
βH
)2
+ . . .
+ρ¯1
(
yy′
β2H
)
+ ρ¯2
(
yy′
β2H
)2
+ . . . (4.50)
Moreover, from (4.48), matching the y direction of the pure AdS3 gives an important constraint
f
(
y
βH
,
y′
βH
)
− g
(
y
βH
,
y′
βH
)
=
1
2β2H
(
y2 + y′2
)
+O
(
1
β4H
)
. (4.51)
Step 3: When two endpoints of a geodesic coincide, the geodesic length vanishes exactly. Plugging x = x′,
y = y′ and t = t′ into eqn. (4.49), we get
cosh
(
Lbulk
R
)
=
β2H
y2
[
f
(
y
βH
,
y
βH
)
− g
(
y
βH
,
y
βH
)]
→ 1, (4.52)
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which leads to
f
(
y
βH
,
y
βH
)
− g
(
y
βH
,
y
βH
)
=
y2
β2H
. (4.53)
Step 4: From eqn. (2.16), the BCFT gives the entanglement entropy of the half line. But we should replace
∆x by ∆x/2 here since we use ∆x to represent the total size of the entangled region,
SEE =
c
6
log
(
2βH
a
sinh
4x
2βH
)
=⇒ LBCFT = R log
(
2βH
a
sinh
( 4x
2βH
))
. (4.54)
When 4x→∞, it becomes
LBCFT = R log
[
βH
a
exp
( 4x
2βH
)]
. (4.55)
As illustrated in Fig. (3), the geodesic corresponding to this entanglement entropy connects y = a, y′ = βH .
Figure 3: The left hand side picture shows the geodesic identified from CFT entanglement entropy. The
endpoints are fixed at y = y′ = a. The solid curve in the right hand side picture represents the geodesic
identified from BCFT entanglement entropy. The endpoints are fixed at y = a, y′ = βH and the entangling
length is ∆x/2.
On the other hand, by using the general expression of the geodesic length (4.49), we have two other ways to
calculate the length of this geodesic. The first way is to straightforwardly substitute y = a, y′ = βH , ∆x/2→∞
into (4.49) to get
Lbulk → Lhalf1 = R log
(
βH
a
f
(
a
βH
,
βH
βH
)
exp
(4x
2β
))
. (4.56)
It is easy to understand that this length is one half of the geodesic length connecting y = y′ = a, ∆x→∞. So
the second way is
Lbulk → Lhalf2 = 1
2
R log
(
β2H
a2
f
(
a
βH
,
a
βH
)
exp
(4x
βH
))
. (4.57)
These three lengths (4.55), (4.56) and (4.57) ought to be identical, as illustrated in Fig. (4). We thus obtain
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f(
a
βH
,
βH
βH
)2
= f
(
a
βH
,
a
βH
)
= 1. (4.58)
Figure 4: The left picture is given by BCFT. The middle picture is obtained from Lbulk by setting y = a,
y′ = βH and 4x/2 → ∞. The right picture is also given by Lbulk from a different point of view, by setting
y = y′ = a and ∆x→∞. The solid lines in all the three pictures describe the same object.
The derivation of this constraint does not require βH  a. As long as βH is the upper bound of y, the derivation
is justified. Since a is a varying cut-off not beyond βH , satisfying 0 < a/βH ≤ 1, we can safely replace aβH by
y
βH
to get:
f
(
y
βH
, 1
)2
= f
(
y
βH
,
y
βH
)
= 1. (4.59)
Step 5: An important lesson we learned from the free CFT2 case is that, in order to completely determine the
dual geometry, we need to know the geodesic length between a and βH with 4x = 0, i.e. the vertical geodesic.
To be consistent, this particular geodesic length must be provided by the CFT2 entanglement entropy. In the
free CFT2, the IR entanglement entropy precisely fits the requirement. In the finite temperature CFT2, there
is no such IR entanglement entropy. To solve this problem, we map the finite temperature system to a finite
size (LS) system by replacing β → LS and impose the periodic boundary condition1
βH =
β
2pi
→ LS
2pi
. (4.60)
Therefore, the geodesic length between a and βH = β2pi in the finite temperature system equals that connects a
and L2pi in the finite size system,
finite temperature finite size
Lgeodesic
(
a,
β
2pi
)
= Lgeodesic
(
a,
LS
2pi
)
. (4.61)
1To make the discussion simpler, we do not choose the equivalent replacement LS = iβH .
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Noting that LS2pi is the radius of the finite size system with the circumference LS , therefore, this geodesic goes
from boundary to the center of the circle, as illustrated in Fig. (5).
Figure 5: The geodesic between y = a and y′ = βH at a finite temperature system is mapped to a finite size
system, corresponding the radius of a circle from y = a to y = L2pi .
We know that the entanglement entropy of a finite size system is
SEE =
c
3
log
(
LS
pia
sin
(
pi4x
LS
))
, (4.62)
The maximal entanglement entropy is achieved by splitting the circle into two equal regions, ∆x = LS/2. The
corresponding geodesic is nothing but a diameter
SEE =
c
3
log
(
LS
pia
)
, Lboundary = 2R log
(
LS
pia
)
. (4.63)
It is then easy to get what we want
Lradius =
1
2
Lboundary = R log
(
LS
pia
)
. (4.64)
We now map LS → β to get the geodesic length between a and βH = β2pi in the finite temperature system:
L = R log
(
β
pia
)
= R log
(
2βH
a
)
. (4.65)
Therefore, from the general expression (4.49), as x = x′, t = t′, y = a and y′ = βH , we have
Lboundary = R log
(
2βH
a
[
f
(
a
βH
,
βH
βH
)
− g
(
a
βH
,
βH
βH
)])
→ R log 2βH
a
. (4.66)
We thus obtain
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f(
a
βH
,
βH
βH
)
− g
(
a
βH
,
βH
βH
)
= 1. (4.67)
For convenience, we summarize all the constraints we have obtained for the general expression (4.49) of geodesic
length:
f
(
y
βH
,
y′
βH
)
− g
(
y
βH
,
y′
βH
)
=
1
2β2H
(
y2 + y′2
)
+O
(
y4
β4H
)
, βH  y, y′, (4.68)
f
(
y
βH
,
βH
βH
)2
= f
(
y
βH
,
y
βH
)
= 1, (4.69)
f
(
y
βH
,
y
βH
)
− g
(
y
βH
,
y
βH
)
=
y2
β2H
, (4.70)
f
(
a
βH
,
βH
βH
)
− g
(
a
βH
,
βH
βH
)
= 1. (4.71)
From eqn. (4.69) and (4.71), we get
g
(
a
βH
,
βH
βH
)
= 0. (4.72)
Since a is a varying quantity, y or y′ = βH must be a zero of g(y/βH , y′/βH) . Moreover, g must be symmetric
for y and y′. So, the function form must be
g
(
y
βH
,
y′
βH
)
∝
(
1− y
n
βnH
)κ(
1− y
′n
βnH
)κ
(· · · ) (4.73)
On the other hand, from eqn. (4.69) and (4.70), one gets
g
(
y
βH
,
y
βH
)
= 1− y
2
β2H
(4.74)
It then easy to fix n = 2 and κ = 1/2 and
g
(
y
βH
,
y′
βH
)
=
√√√√(1− ( y
βH
)2)(
1−
(
y′
βH
)2)[
1 +
(
∆y
βH
)2(
σ1 +O
(
y
β
))]
. (4.75)
Similarly, from eqn. (4.69), we get
f
(
y
βH
,
y′
βH
)
= 1 +
(
∆y
βH
)2(
1− y
m
βmH
)δ (
1− y
′m
βmH
)δ [
θ1 +O
(
y
β
)
+ · · ·
]
, (4.76)
where m, δ > 0 are some numbers.
The story is not over yet. In order to match eqn. (4.68), there must be σ1 = θ1. When applying eqn. (1.1) to
calculate the metric, noting a limit ∆x,∆y,∆t → 0 is going to be imposed after making the derivatives, it is
easy to see that terms proportional to
(
∆y
βH
)2
only contribute to gyy, but not to gxx and gtt. So, looking at eqn.
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(4.75) and (4.76), without altering the derived metric, equivalently, we are free to pack all the corrections into
g(y, y′) and simply set f(y, y′) = 1. Finally, we get
cosh
(
Lbulk
R
)
=
β2H
yy′
cosh(4x
βH
)
−
√√√√(1− ( y
βH
)2)(
1−
(
y′
βH
)2)(
1 +
(
∆y
βH
)2
· O
(
y
β
))
cosh
(4t
βH
) .
(4.77)
Applying (1.1), we obtain the metric of the BTZ black hole,
ds2 =
R2AdS
y2
(
−
(
1− y
2
β2H
)
dt2 + dx2 +
(
1− y
2
β2H
)−1(
1 +O
(
y
βH
))
dy2
)
. (4.78)
Since the finite size system has the same topology as the finite temperature one, a simple way to derive the dual
geometry of the finite size system is to use the transformation β = −iL, which leads to the pure AdS3 in the
global coordinate. Similarly, one can also derive the dual geometries of CFT2 with topological defects under
transformation β = −iL/γcon.
5 Discussions and conclusion
In this final section, we discuss our results and give several inspirations as well as conjectures. In summary,
we demonstrated an approach to derive three dimensional dual geometries, such as asymptotic AdS3 and BTZ
black hole, from the entanglement entropies of CFT2. Our derivation only relies on the holographic principle
without any assumptions about AdS/CFT and bulk geometry. We list the steps as follows
1. Identify the energy cut-off as an extra dimension.
2. Identify the entanglement entropy with geodesics length of the unknown dual geometry. The geodesics
are attached on the boundary.
3. Write down the bulk geodesic length by making the most general extension of the geodesic ending on
boundary to include the extra dimension.
4. Use properties a geodesics must respect, say, zero length for coincide endpoints, to impose constraints on
the bulk geodesic function form.
5. Use the IR-like entanglement entropy representing a geodesic whose one endpoint stands on the boundary
and another stretches into the bulk of the unknown geometry, to restrict the bulk geodesic function form.
6. Apply eqn. (1.1) to derive the metric.
It is convincible that our approach, from the derivation of the BTZ black hole, works for all three dimensional
geometries. As we explained, since they have the same topology as the finite temperature CFT2, the finite
size CFT2 and CFT2 with topological defects can be easily worked out by simple transformations, though
an independent parallel derivation is desirable. Basically, we only need to consider one representative for each
topology. So, the next non-trivial steps are to investigate the chiral CFT2 or finite size thermal CFT2. Probably,
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the only obstacle is to find the IR-like entanglement entropies from the CFT side. The existence of the IR-
like entanglement entropies is unquestionable, but it might be very hard to calculate from the CFT side. A
compromise is to borrow the IR-like entanglement entropies from holographic calculation, if not so strict. For
CFT living on surfaces beyond torus, we believe the derivation still could be done, but one has to know the
entanglement entropies, both UV and IR-like, which are very hard to obtain from CFT side. In addition, it
would be of great interest to consider the CFT2 which are dual to sourced gravity. We may learn more non-trivial
things from these examples.
From our derivation, it is obvious that it is impossible to determine the bulk geometry by UV entanglement
entropy only. For higher dimensional case d + 1 > 3, the situation is complicated. One reason is that there is
no available method to calculate the metric from minimal surfaces. Another issue is that even for one single
topology, there are many inequivalent gravitational structures in higher dimensions. We are not sure if there
will be other subtleties arise.
One interesting question is: Is it really necessary to identify the entanglement entropy with the geodesic to
derive the metric? The answer seems negative. As we know, the arguments of the entanglement entropy include
both spacetime directions t, x as well as energy cut-offs such as a, ξ, β....After identifying the energy scale as
an extra dimension y, we could introduce a generalized entanglement entropy SEE (t, t′;x, x′; y, y′) as follows:
• We denote the energy generated dimension as y. So the energy cut-offs are different values on the dimension
y.
• Since y is on the same footing as the ordinary spacetime directions x, t, it is natural to generalize
SEE(t, t
′;x, x′; a, β, · · · ) to SEE (t, t′;x, x′; y, y′) in the most generic manner.
=⇒This step corresponds to extend the boundary attached geodesic to the bulk geodesic.
• Under various limits, the generalized entanglement entropy SEE (t, t′;x, x′; y, y′) is supposed to reproduce
all the entanglement entropies of a specified CFT, such as the UV or IR-like entanglement entropies .
=⇒This step corresponds to use various entanglement entropies to determine the behaviors of the regular
functions in our approach.
• The generalized entanglement entropy SEE (t, t′;x, x′; y, y′) should be renormalized, since the infinities of
QFT are caused by energy, which is now a new dimension.
=⇒ This step corresponds to demand vanished geodesic length for coincident endpoints, and other con-
sistencies.
Therefore, it is easy to see that our previous calculations naturally fit the procedure. Now, we immediately have
an interesting equation:
1
2
S2EE (x;x+ dx) = gij (x) dxidxj +O
(
dx2
)
. (5.79)
All the derivations in this paper can be put into this pattern. Consequently all GR quantities, such as the
connection, Riemann tensor etc. can be constructed subsequently. This equation indicates some new interpre-
tations:
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• Spacetime is not an emergent structure from quantum entanglement, but is quantum entanglement itself,
simply looked from a different angle.
• Quantum entanglement with different lengths knits the spacetime.
There is another point deserves a special stress. Our results demonstrated that when we treat the energy scale
as a usual space-like dimension, the CFT contains almost all the classical information of the dual geometry,
at least for d = 2. In AdS/CFT correspondence, to compare the correlation functions of the dual theories,
limits are taken to push the AdSd+1 bulk-to-bulk correlation function onto the boundary, and then match the
CFTd correlation function [18]. But how to lift the CFTd correlation function into the bulk directly is still
an open question. From our derivations, however, once treat the energy scale as an extra dimension, after
imposing some consistent constraints, it might be possible to derive the bulk-to-bulk correlation function from
the boundary-to-boundary one. Think it over, there are two equations to govern the dynamics of operators in
QFT: the Callan-Symanzik (RG) equation and the equation of motion (EOM). The Callan-Symanzik equation
tells us how the operators evolve with respect to energy scales. The EOM determines the evolution of the
operators with respect to spacetime coordinates. Therefore, logically, it is very nature to conjecture
Callan− Symanzik (RG) equation + EOM on flat = EOM in the bulk,
which implies a unification of the RG equation and the field EOM.
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